Semi-continuous multifunctions and bases of countable order  by Alleche, Boualem & Calbrix, Jean
Topology and its Applications 104 (2000) 3–12
Semi-continuous multifunctions and bases of countable order
Boualem Alleche 1, Jean Calbrix ∗
CNRS UPRES-A 60 85, Site Colbert, Université de Rouen, 76821 Mont Saint Aignan Cedex, France
Received 12 December 1997; received in revised form 24 November 1998
Abstract
This paper is devoted to the problem of selections. An important result in this area is Michael’s
theorem on double selection for lower semi-continuous closed valued multifunctions. Recently we
obtained a generalization of this theorem to a subclass of the so-called generalized metric spaces,
namely the class of weakly developable spaces. One of the aims of this paper is to give an extension
of our result (hence of Michael’s result) to a more general class of spaces, namely the class of spaces
with a base of countable order. To do this, we give some results on spaces with a base of countable
order which extend those of Wicke and Worrell Jr. Some applications are given. In particular we
obtain a criterion of metrizability. Ó 2000 Published by Elsevier Science B.V. All rights reserved.
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1. Preliminaries
All undefined topological concepts must be taken in the sense given by Engelking [8].
Let X be a topological space. One denotes by F(X) (respectively F0(X); K(X); K0(X))
the collection of the closed (respectively non-void closed; compact; non-void compact)
subsets of X.
Let X and Y be topological spaces, and let P(X) be the collection of the subsets of X.
Recall that a mapping ϕ :Y →P(X) is called lower semi-continuous or l.s.c. (respectively
upper semi-continuous or u.s.c.) if {y ∈ Y : ϕ(y)∩H 6= ∅} is open (respectively closed) for
every open (respectively closed) subset H of X.
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Classically, a mapping of Y to P(X) is called a multifunction from Y to X. If ϕ and ψ
are mappings of Y to P(X) such that,
ψ(y)⊂ ϕ(y) for every y ∈ Y,
then we say that ψ is a selection of ϕ and we write ψ ⊂ ϕ.
In 1959, Michael obtained the following selection theorem [13]:
Michael selection theorem. Let (X,d) be a metric space, Y a paracompact space, and ϕ
an l.s.c. mapping of Y to F0(X) such that ϕ(y) is d-complete for every y ∈ Y . Then there
exists a u.s.c. mapping θ and an l.s.c. mapping ψ of Y to K0(X) such that ψ ⊂ θ ⊂ ϕ.
The following theorem is Theorem 4 of our paper [5] (see also [1] which is an improved
version of [5]).
Theorem 1.1. Let X be a regular space, Y a paracompact space, ϕ an l.s.c. mapping of Y
to F0(X), and (Gn) a weak k-development on X such that (Gn ∩ϕ(y)) is A.F.-complete for
each y ∈ Y . Then, there exists a u.s.c. mapping θ and an l.s.c. mapping ψ of Y to K0(X)
such that ψ ⊂ θ ⊂ ϕ.
(For the definitions of a weak k-development and A.F.-completeness, see Sections 2
and 3.) It is clear that Theorem 1.1 extends the Michael selection theorem. One of our
motivations in [5] was to distinguish in Michael’s proof the role played by the metric and
the role played by its completeness on each ϕ(y) (see the proof of Theorem 4 in [5]).
One of the main results of this paper is a generalization of our Theorem 1.1. (See
Theorem 5.1 in Section 5.)
This work was motivated by a remark of a referee of [1] who indicated to us that if
a space is weakly developable, it has a base of countable order (for the definitions of a
weakly developable space and a base of countable order, see Section 2) and that if a T1-
space has a base of countable order then it is an open continuous uniformly monotonically
complete image of a metrizable space (see the “only if” part of Theorem 6 of [18]). Taking
into account this remark, we generalize the “only if” part of Theorem 6 of [18] and use this
generalization to obtain a proof of our Theorem 5.1.
Remark. Following Nedev and Valov [14], one says that a space X is an R-selector with
respect to a class C of topological spaces if, for every Y ∈ C and every l.s.c. mapping ϕ of
Y to F0(X), there exists a u.s.c. mapping θ of Y to R such that θ ⊂ ϕ (whereR=F0(X)
or K0(X)).
In the light of the Michael selection theorem, the following inverse problem presents
some interest: what properties are inherited by a space that is an R-selector with respect
to a class C? Recently, this problem was intensively studied in special cases (for example,
see [11] and [16]).
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2. Bases of countable order and weak developments
In the sequel, all topological spaces under consideration are T1. The set of all natural
integers is denoted by ω.
If a sequence (An) of subsets of a space X is such that An+1 ⊂An for every n ∈ ω, then
we will say that the sequence (An) is strongly decreasing [6].
Let A be a collection of subsets of a space X. The subset of elements of A which are
singletons of X is denoted by S(A). We say that a sequence of open covers (Gn) is full if
S(Gn) ⊂ S(Gn+1) for every n ∈ ω, and G =⋃{G′ ∈ Gn+1: G′ ⊂ G, G′ 6= G} for every
G ∈ Gn \ S(Gn). We say that a full sequence of open covers (Gn) is strongly full if for
every n ∈ ω, G ∈ Gn \ S(Gn) and x ∈G, there exists G′ ∈ Gn+1 such that x ∈G′ ⊂G, and
G′ 6=G.
Let (Gn) be a sequence of open covers on a space X. If a sequence (Gn) of open
subsets of X is such that Gn ∈ Gn for every n ∈ ω, then we write (Gn) a (Gn). If (Hn)
and (Gn) are two sequences of open covers such that Hn ⊂ Gn for every n ∈ ω, then we
write (Hn) a (Gn).
We say that a sequence of open covers (Hn) on a space X is a WW-sequence of open
covers (respectively a strong WW-sequence of open covers) if:
(WW1) On each Hn there is a well order 6n such that for every H ∈Hn,
H \
⋃{
H ′ ∈Hn: H ′ 6n H, H ′ 6=H
} 6= ∅.
(WW2) For every n <m and every x ∈X, the first element H of Hm which contains x
is included (respectively has its closure H included) in the first element H ′ of
Hn which contains x , and if H ′ 6= {x} then H is a proper subset of H ′.
Remark that for every WW-sequence of open covers (Hn) on X we have:
(WW3) For every n 6=m and H ∈Hn ∩Hm, H is a one-point set.
The following lemma is the central idea in the proof of the Theorem 1 of Wicke and
Worrell Jr. [19]. We give the proof for the sake of completeness.
Lemma 2.1 (WW-argument). Let (Hn) be a WW-sequence of open covers (respectively
strong WW-sequence of open covers) on a space X, and let (Gk) be a strictly decreasing
(respectively strictly strongly decreasing) sequence of elements of ⋃nHn. Then, there
exists a decreasing (respectively strongly decreasing) sequence (Hn) a (Hn) such that for
every n ∈ ω, there exists k ∈ ω such that Gk ⊂Hn.
Proof. First, observe that ∅ /∈⋃nHn. Now, since for each n ∈ ω and each H,H ′ ∈Hn,
H ⊂ H ′ implies H 6n H ′, each Hn contains finitely many elements of (Gk). Hence the
set of n such that Hn ∩ (Gk) 6= ∅ is infinite. Applying (WW2), we see that each Hn
contains an element which contains an element of (Gk). Let Hn be the first element of
Hn which contains an element of (Gk). We show that (Hn) is decreasing (respectively
strongly decreasing). Fix n ∈ ω and Gkn,Gkn+1 such that Gkn ⊂ Hk and Gkn+1 ⊂ Hk+1.
Since (
⋃
i6n+1Hi ) ∩ (Gk) is finite and (Gk) is decreasing, we can take m > n + 1
and k > max(kn, kn+1) such that Gk ∈ Hm, Gk ⊂ Gkn ∩ Gkn+1 . Take x ∈ Gk such that
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Gk is the first element of Hm containing x . Let Hxn (respectively Hxn+1) be the first
element of Hn (respectively Hn+1) containing x . We have x ∈ Gk ⊂ Gnk ⊂ Hn, hence
Hxn 6n Hn. In the other hand, applying (WW2), we have Gk ⊂ Hxn , hence Hn 6n Hxn .
Then Hn = Hxn . Similarly, we obtain Hn+1 = Hxn+1. Hence, using (WW2), we see that
Hn+1 ⊂Hn (respectively Hn+1 ⊂Hn). 2
If B is a base for a space X (respectively a regular space X), then we can construct a
WW-sequence of open covers (respectively a strong WW-sequence of open covers) (Hn)
such that
⋃
nHn ⊂ B. For the general case, this was done by Wicke and Worrell Jr. in [19],
and for the regular case this was done by Wicke in [17]. More generally, if (Gn) is a full
sequence of open covers on a spaceX (respectively a strongly full sequence of open covers
on a regular space X), then we can construct a WW-sequence of open covers (respectively
a strong WW-sequence of open covers) (Hn) such that (Hn) a (Gn).
If A is a subset of a space X and G is a cover of X, then we put
GA = {G ∈ G: G ∩A 6= ∅}.
If A= {x}, then we write Gx .
A sequence of open covers (Gn)n on a space X is called a weak k-development
(respectively a weak development) on X if for every K ∈ K0(X) (respectively for every
one-element subset K of X) and every sequence (Ln)n such that, for every n, Ln is a finite
subfamily of GKn and K ⊂
⋃Ln, then (⋂i6n(⋃Li ))n is a base of neighborhoods of K
(see [5]).
Using the König lemma, one easily see that, if (Gn) is a sequence of open covers on X,
then (Gn) is a weak development if and only if, for every x ∈X and every sequence (Gn)
such that, for every n, x ∈Gn ∈ Gn, we have (⋂k6n Gk)n is a base at x .
Remark. The notion of weak development is a strict extension of the classical notion of
development (see [5]).
A base B for a space X is called a base of countable order if for every x ∈ X and
every strictly decreasing sequence (Gn) of elements of B containing x , (Gn) is a base at
x . This notion is due to Arhangel’skii who proved that a space is metrizable if and only if
it is paracompact and has a base of countable order [3]. The notion of a base of countable
order was intensively studied by Wicke and Worrell Jr. [19,18,17], and Chaber, ˇCoban and
Nagami [6].
Consider the following properties on a space X:
(BCO) The space X has a base of countable order.
(BCO1) There is a sequence of open covers (Gn) on X such that each Gn is a base for
X, and (Gn) is a base at x for every decreasing sequence (Gn) a (Gn) and
every x ∈⋂Gn.
(BCO1′) There is a sequence of open covers (Gn) on X such that each Gn is a base for
X, and (Gn) is a base at x for every strongly decreasing sequence (Gn) a (Gn)
and every x ∈⋂Gn.
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(BCO2) There is a full sequence of open covers (Gn) on X such that (Gn) is a base at
x for every decreasing sequence (Gn) a (Gn) and every x ∈⋂Gn.
(BCO2′) There is a full sequence of open covers (Gn) on X such that (Gn) is a base x
for every strongly decreasing sequence (Gn) a (Gn) and every x ∈⋂Gn.
Lemma 2.2. (BCO)⇔ (BCO1)⇔ (BCO2). If X is regular, then (BCO)⇔ (BCO1′)⇔
(BCO2′). Furthermore, if we have a base of countable order B for X, then we can take
(Gn) in the properties (BCO1), (BCO1′), (BCO2), and (BCO2′) such that
⋃
n Gn ⊂ B.
Conversely, if (Gn) verifies one of the properties (BCO1), (BCO1′), (BCO2), or (BCO2′),
then we can construct a base of countable order B for X such that B ⊂⋃n Gn.
Proof. (BCO)⇔ (BCO1) is proved in [19, Theorem 2]. IfX is regular, (BCO)⇔ (BCO1′)
is proved in [17] (see the proof of Theorem 1).
Clearly, we have (BCO1) ⇒ (BCO2) (respectively (BCO1′) ⇒ (BCO2′)). We must
show that (BCO2)⇒ (BCO) (respectively (BCO2′)⇒ (BCO) if X is regular).
Let (Gn) be a sequence of open covers on X verifying the condition in (BCO2)
(respectively (BCO2′)). Since (Gn) is a full sequence of open covers, we can construct
a WW-sequence of open covers (respectively a strong WW-sequence of open covers)
(Hn) a (Gn). Let B =⋃nHn. We show that B is a base of countable order for X.
(1) First, we show that B is a base for X. Let x ∈ X. For each n, let Hxn be the first
element of the open coverHn which contains x . By property (WW2) we haveHxn+1 ⊂Hxn
(respectively Hxn+1 ⊂ Hxn ) for every n. Since (Hxn ) a (Gn), the sequence (Hxn ) is a base
at x .
(2) We prove that B is a base of countable order. Let (Bk) be a strictly decreasing
sequence in B and x ∈ ⋂Bn. Applying the WW-argument, we obtain a decreasing
(respectively strongly decreasing sequence) (Hn) a (Hn) such that for every n there is
k such that Bk ⊂ Hn. Applying (BCO2) (respectively (BCO2′)), we have that (Hn) is a
base at x . Since each element of (Hn) contains an element of (Bk), the sequence (Bk) is a
base at x . 2
Remarks.
(1) In the above proof, the argument used to prove that B is a base of countable order
is a straightforward adaptation of the arguments used by Wicke and Worrell Jr. [19,
Theorem 2].
(2) Recall that the trace of a base of countable order on a subspace is not generally a
base of countable order for that subspace. Using a variant of their argument, Wicke
and Worrell Jr. showed that the property (BCO) is hereditary; in fact if B is a base of
countable order for a space X and A a subset of X, they prove that they can extract
a subfamily B′ of B such that B′ ∩ A is a base of countable order for A see [19,
Theorem 1].
(3) The reader can consult [6] (see also [10]) where a characterization of the property
(BCO) with the help of sieves permits to see easily that this property is hereditary
and countably productive.
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Theorem 2.3. Every space with a weak development has a base of countable order.
Proof. Let (Gn) be a weak development on a space X. The sequence of open covers (G′n)
such that, for every n,
G′n =
{
G1 ∩ · · · ∩Gn: G1 ∈ G1, . . . ,Gn ∈ Gn
}
is a full sequence of open covers. Moreover, we see easily that it is a weak development.
Then, in particular, for every x ∈ X and every decreasing sequence (Gn) a (G′n) such
that x ∈⋂Gn, (Gn) is a base at x . Hence the sequence of open covers (G′n) verifies the
condition of (BCO2). 2
For a space, to have a base of countable order is strictly weaker than to have a weak
development. Indeed, the space of all countable ordinals endowed with the order topology
has a base of countable order but has no weak development.
3. Completeness
Recall that a Hausdorff space X is said to be A.F.-complete if it has an A.F.-complete
sequence of open covers, that is (Gn) such that, for every centered family F of subsets of
X, if δ(F) < Gn for every n, then
⋂{F : F ∈ F} 6= ∅ (where δ(F) < Gn means that there
exists F ∈F and G ∈ Gn such that F ⊂G).
A completely regular space is A.F.-complete if and only if it is ˇCech-complete (this
internal characterization is due to Arhangel’skii [3] and Frolík [9]). A metrizable space is
completely metrizable if and only if it is A.F.-complete.
We say that a base B for a space X is monotonically complete on a subset A of X if, for
every decreasing sequence (Gn) of elements of B such that Gn ∩A 6= ∅ for every n ∈ ω,
then
⋂
Gn 6= ∅. If A= X in the above definition, we obtain the notion of monotonically
complete base of Wicke and Worrell Jr. ([18], see also [17]).
Remark. If B is a base of countable order on a spaceX such that B∩A is a monotonically
complete base for a subspaceA ofX, then B is monotonically complete onA. Furthermore,
if X is Hausdorff, then A is closed in X.
Theorem 3.1. Let X be a regular space and let F be a collection of closed subsets of X.
The following properties are equivalent:
(1) The space X has a base of countable order B which is monotonically complete on
each F ∈F .
(2) There exists a strongly full sequence of open covers (Gn) on X verifying the two
following conditions:
(a) For every strongly decreasing sequence (Gn) a (Gn) and every x ∈⋂Gn, (Gn)
is a base at x .
(b) For every F ∈ F and every strongly decreasing sequence (Gn) a (Gn), if for
every n ∈ ω, Gn ∩ F 6= ∅, then ⋂Gn 6= ∅.
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(3) There exists a strongly full sequence of open covers (Gn) verifying (a) above and
(b′) For every F ∈ F and every strongly decreasing sequence (Gn) a (Gn), if for
every n ∈ ω, Gn ∩F 6= ∅, then there exists x ∈ F such that (Gn) is a base at x .
Proof. (1) ⇒ (2) By the virtue of Lemma 2.2, the space X is (BCO2′). We have a full
sequence of open covers (Gn) on X verifying (a), and such that
⋃
n Gn ⊂ B. Obviously,
(Gn) verifies (b).
(2)⇒ (3) is obvious.
(3) ⇒ (1) Fix a strong WW-sequence of open covers (Hn) a (Gn). It is clear that
(Hn) verifies (a) and (b′) (with (Hn) instead of (Gn)). Put B =⋃nHn. By the proof of
Lemma 2.2 we have that B is a base of countable order. Now, fix F ∈ F and a strictly
strongly decreasing sequence (Bn) in B such that Bn ∩A 6= ∅ for every n ∈ ω. Applying
WW-argument, we obtain a strongly decreasing sequence (Hn) a (Hn) such that each Hn
contains an element of (Bn). Since,Hn∩A 6= ∅ for every n ∈ ω, we obtain that⋂Hn 6= ∅.
Let x ∈⋂Hn =⋂Hn. Clearly (Hn) is a base at x . Suppose x /∈⋂Bn. Take n such that
x /∈ Bn. There is m ∈ ω such that Hm ∩ Bn = ∅. But Bk ⊂Hm ∩ Bn for k large enough, a
contradiction. Hence
⋂
Bn 6= ∅. 2
Remarks.
(1) The above theorem extends Theorem 1 of Wicke [17] where F = {X}. It also
extends the “only if” part of Theorem 5 of [18].
(2) If we look at the end of the demonstration of the above theorem, we see that (Bn)
is in fact a base at a point x ∈ F . A base of countable order for a space X such that
for every decreasing sequence (Bn) in B, there exists some point x ∈ X such that
for every neighborhood V of x , there is n such that Bn ⊂ V is called a λ-base [18].
Applying Theorem 3.1 to the case where X has a monotonically complete base of
countable order, and the remark in the beginning of (2), we rediscover the fact that
a regular space has a λ-base if and only if it has a monotonically complete base of
countable order [18, 2, Remark 5].
4. Open mappings
In the sequel, an open mapping need not be continuous. The following theorem is a key
which permits us to reduce our selection theorem to Michael’s one.
Theorem 4.1. Let X be a regular space and let F be a collection of closed subsets of X. If
there is a base of countable order for X which is monotonically complete on each element
of F , then there exists a metric space (M,d) and an open continuous mapping f of M
onto X such that f−1(F ) is d-complete for every F ∈F .
Proof. Let (Gn) be a strongly full sequence of open covers verifying (a) and (b′) of
Theorem 3.1. For every n ∈ ω, put Gn = {Gαn : αn ∈ In}. We consider the product space
Σ = ∏n In where each In is discrete. It is a completely metrizable space. Let d be a
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complete metric onΣ inducing the topology ofΣ (for example, the metric d onΣ defined
by d(α,β)= 1/min{n: αn 6= βn} for α = (α0, α1, α2, . . .) 6= β = (β0, β1, β2, . . .)). We put
M = {α ∈Σ: (Gαn) is strongly decreasing and such that ⋂Gαn 6= ∅}.
For each α ∈M we put f (α) = x , where x is the unique point in ⋂Gαn . The mapping
f is well defined and onto. We see easily that f is continuous and open (remark that
f ({β ∈M: β0 = α0, . . . , βn = αn})=Gαn ).
Now we show that f−1(F ) is closed in Σ for every F ∈F . Let F ∈F , and put
ΣF =
{
α ∈Σ: (Gαn) is strongly decreasing, and Gαn ∩ F 6= ∅ for every n ∈ ω
}
.
ΣF is closed in Σ . Indeed, for fixed αn ∈ In, αn+1 ∈ In+1 and αm ∈ Im, the sets
Aαn,αn+1 =
{
β ∈Σ: βn = αn, βn+1 = αn+1
}
and Bαm =
{
β ∈Σ: βm = αm
}
are open in Σ . Hence, we see that
Σ \ΣF =
⋃{
Aαn,αn+1 ∪Bαm : n,m ∈ ω, (αn,αn+1) ∈ In × In+1, αm ∈ Im,
Gαn+1 6⊂Gαn, Gαm ∩ F = ∅
}
is open in Σ . Furthermore ΣF = f−1(F ). Indeed, fix α ∈ ΣF . By (b′) there exists
x ∈ F such that (Gαn) is a base at x . Hence we have α ∈ M and f (α) = x ∈ F . Then
α ∈ f−1(F ). On the other hand, f−1(F )⊂ΣF is obvious. Hence, f−1(F ) is closed inΣ .
Consequently, f−1(F ) is d-complete. 2
Remarks.
(1) This theorem extends a result of Wicke ([17, Theorem 2] where X itself has a
monotonically complete base of countable order).
(2) The idea of the construction of f is due to Ponomarev [15] and Hanai [12] (such
a construction permitted them to prove that a first countable space is an open
continuous image of a metric space).
5. A selection theorem
Now, we give an extension of the Michael selection theorem.
Theorem 5.1. Let X be a regular space with a base of countable order B and let Y be a
paracompact space. Let ϕ be an l.s.c. mapping of Y to F0(X) such that B is monotonically
complete on ϕ(y) for every y ∈ Y . Then there exists a u.s.c. mapping ϑ and an l.s.c.
mapping ψ of Y to K0(X) such that ψ ⊂ ϑ ⊂ ϕ.
Proof. Applying Theorem 4.1, let f be an open continuous mapping f from a metric
space (M,d) to X such that, for every y ∈ Y , f−1(ϕ(y)) is d-complete. For every y ∈ Y ,
put Φ(y) = f−1(ϕ(y)). The mapping Φ is l.s.c. of Y to F0(M). Applying the Michael
theorem, we find a u.s.c. mapping Θ and an l.s.c. mapping Ψ of Y to K0(M) such that
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Ψ ⊂ Θ ⊂ Φ . Now, put ϑ(y) = f (Θ(y)) and ψ(y) = f (Ψ (y)). We see easily that ϑ
is a u.s.c. mapping of Y to K0(X) and ψ is an l.s.c. mapping of Y to K0(X), and that
ψ ⊂ ϑ ⊂ ϕ. 2
Now, we show that the hypothesis of Theorem 1.1 imply those of Theorem 5.1. Indeed,
using the regularity of the spaceX, we can inductively construct a strongly full sequence of
open covers (G′n) such that G′n refines Gn. We see easily that (G′n) is a weak k-development
such that G′n ∩ ϕ(y) is A.F.-complete for every y ∈ Y . Hence, the strongly full sequence
of open covers (G′n) verifies (a) and (b) of Theorem 3.1 with F = {ϕ(y): y ∈ Y }. Hence
Theorem 5.1 is an extension of Theorem 1.1.
Here, we will give some applications of Theorem 5.1. First, we obtain the following
selection theorem immediately:
Theorem 5.2. Every regular space X with a monotonically complete base of countable
order is a K0(X)-selector with respect to the class of paracompact spaces.
Remark. In this theorem, we cannot omit the fact that the monotonically complete base
is a base of countable order because every compact space which is a K0(X)-selector with
respect to the class of paracompact spaces, is metrizable [14].
Recall that a mapping f from a space X into a space Y is compact-covering if, for every
compact subset K of Y , there exists a compact subset K ′ of X such that f (K ′)=K .
Theorem 5.3. Let X be a regular space with a base of countable order B and let Y be a
paracompact space. Let f be an open mapping (not necessarily continuous) from X onto
Y such that for every y ∈ Y , f−1(y) is closed in X for every y ∈ Y , and B is monotonically
complete on f−1(y). Then, f is compact-covering (that is, for every compact subset K of
Y , there exists a compact subset K ′ of X such that f (K ′)=K).
Proof. The mapping ϕ :Y → F0(X) defined by ϕ(y) = f−1(y) is l.s.c. Applying
Theorem 5.1, we can choose ψ :Y → K0(X) u.s.c. such that ψ ⊂ ϕ. Fix a compact
subset K of Y . Since ψ is u.s.c.,
⋃
ψ(K) is a compact subset of X. We see easily that
f (
⋃
ψ(K))=K . Hence f is compact-covering. 2
Remark. Theorem 5.3 extends Corollary 1.2(b) of [13] which itself extends a result of
Bourbaki [4].
Theorem 5.4. Let X be a regular space with a base of countable order B, Y a
paracompact space, and f an open continuous mapping from X onto Y . Suppose that
B is monotonically complete on each f−1(y). Then Y is metrizable.
Proof. Applying Theorem 5.1 to the mapping y→ f−1(y), we find a subspace Z of X
such that, the restriction g of f to Z is a perfect mapping from Z onto Y . Hence, Z is
paracompact. Since (BCO) is a hereditary property, the space Z has a base of countable
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order. Since a paracompact space with a base of countable order is metrizable (Arhan-
gel’skii [3]), we see that Z is metrizable. Since g is perfect, Y is metrizable. 2
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